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EFFECT OF GEL FORMATION ON THE PROCESS OF
LAMINAR CONTINUOUS-FLOW ULTRAFILTRATION

V. L. Baikov, N. N. Luchko, and UDC 532.542
T. V. Sidorovich

We investigate the process of ultrafiltration with gel formation in laminar flow in a plane channel in the case
of nonideal selectivity of the membrane.

The technology and facilities of membrane processes are important areas of scientific research such as the
production of new membranes with improved characteristics.

Extensive use is made of plane-frame membrane apparatuses based on a slotted channel with membranes
placed (laid out) on its walls. In view of the large specific surface of the membranes laid out (a small height of the
intermembrane channel), ultrafiltration is usually carried out in a laminar flow regime and is characterized by
formation of a gel layer on the surface of the membranes. To find a means for effective separation of solutions, it
is necessary to conduct a careful investigation of two factors: the selectivity and productivity of the given membrane.
They can be studied only on the basis of ideas about the real mechanism of mass transfer through a membrane
and the processes occurring on its surface. The theoretical description of the latter in the case of laminar continuous-
flow ultrafiltration in plane slotted channels cannot be considered satisfactory {1}, and the present work is intended

to fill this gap to some extent.
We formulate a transfer equation for the process of laminar ultrafiltration. First, we examine the kinetic

equation of gel formation, which is often written in incorrect form {2].
We set up the balance of the mass supplied to and removed from the membrane under the condition of

ideal selectivity of it:

Cgny =~ Cy Vg + DCyl . @

The equation of the gel surface is specified in explicit form (see Fig. 1):
y=7/(x1,
then for a unit normal to the surface
g = (= f i+ H/V I+ )T
We note that
dy = fodx + fdt, dn=3nng=fdt/V 1+ (f,)2.

We take into account that
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Fig. 1. Formation of a gel layer.

c;|f= ng (Cd + c;,;)

and from the balance equation we obtain the kinetic condition for formation of a gel layer on the membrane surface
in the plane case:

Cgf{ = Cg(ufx + v)f-i- D(—f,C, + Cy)f.

Below, we will assume the gel layer on the membrane to be immovable, forming, as it were, a continuation of the
membrane; as a result, we have

ulffx =0, fxCxI;= 0
by virtue of the fact that Cls= Cg = const. Thus, the kinetic equation for the gel layer takes the form
Cyofy = Cgvp + DC ;. 2)
In the case of nonideal selectivity of the membrane, the mass balance should take into account withdrawal of solute
with the permeate, i.c.,
Cfy = Cy (1 = Cx/Cy) vy + DC,| ;. 3)

Here Cy; is the concentration of solute in the permeate.

With allowance for gel formation we obtain the velocity distribution in a plane slotted channel for a laminar
regime of flow. We will assume that the flow at the channel inlet is fully developed (since the length of the channel
greatly exceeds its height, the inlet hydrodynamic section can be eliminated from consideration). The flow rate of
the liquid through the cross section of the channel considerably exceeds the flow passing through the membrane,
while the thickness of the gel layer £ is much smaller than the half-height of the channel 4. In this case the equations
of motion and continuity acquire the form

—P;+y£y"y=0, (4)
T 5
P,=0, )

4y + v, =0. (6)

The boundary conditions are

0, V=—‘Vf (y:f);
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. N (7
v=0, u,=0 (y=h.

From Eq. (3) it follows that P = P(x). Integrating Eq. (4), taking account of conditions (7), we find

2
~ 2 ' — —
W=~ (K /)P, y—l—y——zﬁ : @®
h 2h
The continuity equation yields
3
~ h 8 ' ¥ 3@p- + ~ + /h—3
=0 p (1 - H_ 30 f)z(y N, @ 1)30’ N_yt : 2 9)
3u ax h 2h 2h h
From this it follows that
3 3
I PO PR 10
-taln(i-2] a0
We determine the mean flow rate
h 2 2
= _ 1 N~ _h oP( [ 1
ux—h_f{udy— qu( h)' (i
Then at the channel inlet at x =0
2
= - _h oP 12
B=~- 42 (12)

Integrating Eq. (10) with allowance for relation (12) and substituting the result into Eq. (8), we obtain an
expression for the longitudinal velocity component:

”~ — 2 —_—
2:—3—3(a0h—fvfdx) y=r_J 2’2 . (13)
h(l - f/h) 0 R 2

To describe the phenomenon of concentration polarization, i.e., gel formation, we use an equation of
convective diffusion that describes the process of substance accumulation at a given point of space as a function of
time. With allowance for the above assumptions it takes the form

C, + uCy + vC, = DC,. (14)

The process of separation of solutions by the method of ultrafiltration is characterized by large Schmidt numbers,
and therefore the characteristic time of the change in the concentration field considerably exceeds the characteristic
time of the change in the velocity profile. Consequently, the dynamic problem can be considered to be stationary
(this was done above), i.e., each instantaneous distribution of concentration corresponds to its own stationary
distribution of velocities at the given moment. The boundary conditions before the point of gel formation on the
membrane and after it will be substantially different:

Ulyeo=0, V|,oo=—V (V=const), ¢¥C, + DC,|, =0,
(15)
Cy‘y=h=0, C‘X=0=C0’ Clt:():CO

for 0 < x < x; and
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uly=p=0, vly_p= =V, pV;Cp+ DCyl, ;= Cofy , (16)
cyly=h=0’ f(x’ l)lx:xlzo’ C|y=f=cg

for x = x; (after the point of gel formation). We connect the drop in the permeability of the membrane with the
thickness of the gel layer and represent it in the form
Vf = VA y
1 + &f

17)

where £ is the characteristic coefficient of the hydraulic resistance of the gel layer. Equations (9), (10), (13)-(17)
form a closed system and make it possible to describe the process of laminar ultrafiltration in a plane slotted
channel.

A method for solving the equations of convective diffusion in a channel without gel formation is suggested
in [3].

We will employ this method and find a solution to problem (14)-(16) with allowance for gel formation. For
convenience, the equation of convective diffusion (14) will be written in a conservative form (here and below we
will use dimensionless quantities):

2
0@-1), u@-1) w@O-1)_12 g@2—1).
at 9 an Pe an

We integrate this equation across the diffusional boundary layer and use boundary conditions (15) or (16) and the
requirements usually applied in boundary-layer theory © = 1, 9,', = 0 at n = A. Then, before the point of gel
formation (0 < & =< £;) we have

g 4 3 4
a—r_(f)'(G—l)dq+5g_gu(®—l)dﬂ=VI‘w, (18)

and after the point of gel formation (£ > £;) we have
3 4 ¥ . a2
5?{(@—1)d¢;+(2@g—1)5{+5§£u(@)—l)ahy:vérg. (19)
HereIg=1—- (1 — )0, Ty =1 — (1 — 0)Oy.

At the very point of gel formation (£ = £;) the condition © = ©, is satisfied. Let us analyze the stationary
regime of ultrafiltration in a plane slotted channel. Because of the very large Peclet numbers (Pe = 107), the
thicknesses of the gel layer & and the diffusional boundary layer A will be much smaller than the half-height of
the channel, i.e., they lie in the region adjacent to the membrane. This fact considerably simplifies the solution of
the problem. It can be assumed that the gel layer does not change the inner height of the channel. The presence
of the gel exhibits a direct effect only on the total hydraulic resistance of the membrane and the gel. Therefore,
in distributions (9), (10), (11), and (13) the terms f/h can be neglected compared to unity. Moreover, in solving
the diffusional problem we can restrict ourselves to just the first terms in the transverse coordinate y in determining
the velocity profiles (9) and (13). As a result, the equations of convective diffusion take the following form: before

the gel formation point (0 < & < &§))

2
30 90 1 3@

31—V v =,
ok anp  Pe on

169



1 90
POV + 5oy =0 (1 =0);
and after the gel formation point (¢ = &)

(20
£ Fe) © 1 3'®
3L~V —f Vadb| (p ~8) — ~V;— =——,
i & an Pe on
1 90 1
POVs + pg gy =0 (1=9), @ =8, (1=38) Vs=V/(1 +k/3). (21)
The stationary distribution of concentration near the membrane has the form

©=0,¢) Il -¢(1-—cxp(~PeVp)l, §=§, @
=0, Il -p(l-exp(-PeV;(-93)1, £>§.

From the physical considerations underlying boundary-layer theory and Egs. (22) the distribution of
concentration in a plane slotted channel can be represented for 0 < & < £ as

@_{QW(E) [1 —¢ (1 —exp(—Pe VI,
={

O0=snp=<A, 23)
A=sng=1,
and for £ = & as
Q,, O0sn=d,
8 24
@=1{6,[l~p(l—exp(-PeVs(n-9)], dsy=A, (29
1, A=sng=1,

where Oy (§) and J() are functions as yet unknown. For their determination we use integral equations (18) and
(19). First, from relations (23) and (24) we find

_ Oy . _ PO,
A_PeVln FW,OSESEI,A a_PeVAIn I«g,‘§>},~'1,
From this it is clear that formation of gel on the membrane is possible when ©; < 1 /(1 ~ ¢).

Substituting the distribution of velocities from formulas (20), (21) and concentrations from formulas (23),
(24) into Egs. (18), (19), integrating once over £, and performing simple calculations, we obtain for 0 < £ < &,

e, T 0,\2 (@®en’v ¢

©, - 1 -, ln 2% ¥ |1 £ (Fe¥) r, d (25)
Ty 2 | 30-VE o

and for § = &,
£ , & &1
31— VE = [ Vodk| £,/(PeVy) = [ T,Vsdé + [ T VdE.

3 1 0

For writing more concisely, we denote

(26)

T

e, T A%
Zg=@g—l—Fgln(p——5—~25(ln<P )
E

170



Now we will estimate the position of the point of gel formation on the membrane. From formula (25) or
(26) it follows that

£ -
J T VdE =33, I(P—:)i‘. @7
0 €

In the case of ideal selectivity formula (26) takes the simpler form
2 2 —~1 '
VE = [1+ (PeV)/3(©,—1n©®, — (In©,)"/2 - )] . 27

Analytical and numerical calculations [3 ] demonstrate the nonlinear character of the dependence of ®y on
£. In place of ©, we substitute into the left-hand side of Eq. (27) two limiting cases: a) ©, = ©; and b) the linear
behavior 8y, =1 + VE(©, — 1)/ VE;.

Integrating Eq. (27), we obtain the estimate

3z, > V&, 6z,

Ty (Pen)’ (1 - V§1) C(p+Ty (Pev)”

Equations (25)-(27) give a full description of the phenomenon of concentration polarization in ultrafiltration
in a plane slotted channel before the gel-formation point.

We now analyze the process of ultrafiltration in a channel after the gel-formation point. Solving Eq. (26)
for the integral and then differentiating with respect to £ with subsequent integration with the boundary condition
Vs =Vat & =£;, we find a transcendental equation that describes the process of ultrafiltration with gel formation.

We denote 3%g/ I’gPezV2 = F. Then

- daen/|(8) e -

— /A1 + F) [arctan (177! = arctan (V7 vE)' /2. (28)
Forp=1
V2
VE=1— ——/ Vd +
1 - VE, 1/2 1 - g, 1/2 v, vyl — Vg, ’
21 ) 3 _ 9 o> =1 28
+[ VE, ) arctan VE, 1 v /1+ v T VE . (28")
If V&, -~ 0, we can obtain a simpler solution:
Vs 2 -1/3
= [+ (VE = V&) Ty Pe v'/2s,) (29)
or in the case of p =1
-1/3
Yo _(3ve 1 (29')
v = |2vE, T 2 '

When VE/VE, >> 1, Eq. (29) takes the form
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Vy= (23,/T, Pe’t)'?, (30)

and forgp =1

1/3
2
n"© ,
Vs = |2 @g—ln@g-—z—&—l)/Pezg] : (309

Since the velocity V does not enter into formula (30), this means that the transmembrane velocity V3 is
independent of the pressure (the resistance of the gel layer considerably exceeds the resistance of the membrane,
and an increase in the pressure is compensated for by an increase in the resistance of the gel layer).

Thus, the pattern of laminar continuous-flow ultrafiltration in a plane channel can generally be divided
into three regions.

In the first region — from the inlet into the channel and before the gel-formation point (determined from
Eq. (27)) — the main resistance to transmembrane flow is offered by the membrane. In this section the filtration
velocity V will be directly proportional to the pressure applied (for the resistance of membranes Darcy’s law is valid
{41, which has proved to be very efficient).

In the second region — from the point of gel formation and farther downstream along the main flow — the
hydraulic resistances of the membrane and the gel layer will be of the same order of magnitude. Here the filtration
velocity V3 of (28) depends nonlinearly on the pressure (it is associated with V).

In the third region, when the hydraulic resistance of the gel layer considerably exceeds that of the
membrane, the filtration velocity Vs ceases to depend on the initial pressure, and all the distributions over the
filtration velocity from the above two regions reduce to the single dependence (30).

Let us now dwell on nonstationary filtration with gel formation. From physical considerations the
nonstationary process can be considered as two limiting cases: highly nonstationary and stationary. For the
especially nonstationary regime

%?(@—1)dn=rwv, 0O<t=1,
° 31)
a 4 )
67{(9—1)dﬂ+(2@g—1)37=rg"a, T=T,.

Here the time 7; is the beginning of gel formation.

To solve the nonstationary problem we use a generally applied approach where the nonstationary
distribution of concentration is prescribed from the solution of the stationary problem. Then, from Eq. (31), with
account for distributions (23) and (24), on condition that ©,, and & depend on the time and with the obvious

relationship

36 V 9V
at ng at
we obtain:
@ T
O, —Tyln ¥ — 1 =Pev [ [yVdr, 0st=1,
w 0
(32)
|, 2 (VT — Vi) -2
VT TR T, Pev + (26, — 1)/k  TET
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Here 2, =0, — 1 — Iyln O, /T.
Let us estimate the beginning of the time of gel formation. We proceed similarly to the stationary case.

Then
. 2z,
mg =V = m . (33)
Forp=1
Vi, = (@g —In @g — 1)/Pev. (33"

It is pertinent here to note that formulas (32) and (33) are also valid for describing the process of ultrafiltration
in a cell without forced mixing. They make it possible to determine the diffusion coefficient of the solute in the
solution from the time dependence of the specific performance recorded experimentally in a cell without mixing
51

If Vr; » 0 and the times considered are such that Vz/Vt| >> 1, then the filtration velocity will decrease in
time according to the relation

-1/2
| 4 2kV:
_(5_ _ 1 + _z_ . (34)
vV 20, — 1
[

In conclusion, we estimate the time 15 needed to attain the stationary regime of ultrafiltration in a plane
channel with gel formation on the membrane. Assuming V&; to be small, we equate the right-hand sides of Egs.
(29) and (32):

’ 2 2/3
1| ((ve - vey) T, PPV
( 51) 4 +1

Vi, = Vo, + 7 228

20, — 1 b
_ g v 35
1 [ kT, PeV] : (33)

For distances from the channel inlet for which VE/VE; >> 1, we obtain a simpler relation:

2.2\2/3
s _ L [ver,pe V2 20, -1 %, 36)
sT2|T 23, k T, Pev|’
which for ¢ = | has the form
2/3
ve o (3Y8) (28 L Y (36')
s = |2V, % 2 )

Thus, the theory suggested offers a description of laminar ultrafiltration in a plane channel with gel
formation on the membrane and allows one to compare experimental and theoretical data.

The work was carried out with support from the Fundamental-Research Fund of the Republic of Belarus,
grant No. T94-020, January 27, 1995.

NOTATION

& = x/h, n = y/h, dimensionless longitudinal and transverse coordinates; v = fug/h, u = u/ ug, v= v/ g,
dimensionless time and velocity vector components; 4, half-height of the plane channel; ug, mean velocity at the
channel inlet; ¢, time; Pe = ugh/ D, diffusional Peclet number; D, diffusion coefficient; u, coefficient of dynamic
viscosity; f, thickness of the gel layer; d = f/h, dimensionless thickness of the gel layer; A = A/h, dimensionless
thickness of the diffusional boundary layer; ® = C/Cyp, dimensionless concentration of the solute; ©,, = Cy/Cy,
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©; = C4/Cy, dimensionless concentrations on the wall and of gel formation; & = kA, dimensionless characteristic
g\oefficient of hydraulic resistance of the gel layer; ¢, selectivity coefficient of the membrane; V = V/uy, V5 =
V¢/ ug, dimensionless transmembrane velocity.

REFERENCES

I. M. T. Bryk and E. A. Tsapyuk, Ultrafiltration [in Russian ], Kiev (1989).

2. P. P. Zolotarev and N. V. Kolosov, Khim. Tekhnol. Vody, 11, No. 1, 7-9 (1989).

3. V. 1. Baikov and A. V. Bil’dyukevich, Inzh.-Fiz. Zh., 67, Nos. 1-2, 103-107 (1994).

4. S.-T. Hwang and K. Kammermeier, Membrane Processes of Separation [Russian translation ], Moscow (1981).
5. S. V. Polyakov and E. D. Maksimov, Teor. Osn. Khim. Tekhnol., 20, No. 4, 448-453 (1986).

174



